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ON RAMIFICATIONS OF ARTIN-SCHREIER EXTENSIONS OF SURFACES OVER 
ALGEBRAICALLY CLOSED FIELDS OF POSITIVE CHARACTERISTIC III 

MASAO OI 


Abstract. For a smooth surface X over an algebraically closed field of positive characteristic, we 
consider the ramification of an Artin-Schreier extension of A. A ramification at a point of codimension 
1 of A is understood by the Swan conductor. A ramification at a closed point of A is understood by the 
invariant defined by Kato [5]. The main theme of this paper is to give a simple formula to compute 
defined in [4], which is equal to for good Artin-Schreier extension. We also prove Kato’s conjecture 
for upper bound of r^- 


1. Introduction 

Let F be an algebraically closed field of characteristic p > 0. Let A be a smooth proper surface over 
F, D a, simple normal crossing divisor. Put U = X — D. For a closed point x € D, we say x is in Case (I) 
if the number of irreducible components of D containing x is one, we say x is in Case (II) if the number 
of irreducible components of D containing x is two. We also say x is of type (I) or type (II). In this 
paper, we always assume D is generated by ti in Ox,x in case (I), and D is generated by tit 2 in Ox,x in 
case (II), where ti,t 2 € Ox,x- Throughout this paper, we fix x once and for all. 

Let I be a prime number which is different from p. For a character x '■ '^i(C^) Qf order p, Kato 
has defined an invariant = x^ix) in his paper [2]. The invariant is related to the Euler Poincare 
characteristic of S'y, where is the etale sheaf corresponding to y. Let K be the function field of X, 
and K' be the Artin-Schreier extension of K corresponding to y. 

By the Artin-Schreier theory, there is an element f £ K such that K' = K{a) and — a = /. 
/ is determined modulo f){K) (up to constant multiple) by AT'/AT, where /3 is the Artin-Schreier map 

X ^ x^ — X. 

In part I of this paper ([3]), we studied certain Artin-Schreier extensions of 2-dimensional affine plane 
over F and found an algorithm to compute (see Definition which is equal to for “almost all” 
extensions. In part II of this paper, we generalize this result to any Artin-Schreier extension of surfaces 
over F and prove Kato’s conjecture for good Artin-Schreier extension. In this paper, we give a simple 
formula to compute (Theorem 14. Ill and prove Kato’s conjecture for upper bound of (Theorem [Al]). 


2. Definitions of Swd'U) and 

We recall the definition of the Swan conductor SwD'if) following [1]. 

SwD'if) ■= min{max{-w_D/(p),0} \ g £ K,g = f mod /3(Ar)}. 

Here D' is an irreducible divisor of X and vd> is the normalized additive valuation on AT defined by D'. 
Let X' = Xs ^ As_i ^ Aq = A be a sequence of blowing-ups of closed points lying over x such 

that (X',U',x) is clean (see Definition [T]) at all points of X'\U' with U' the inverse image of U in A'. 
For each 0 < I < s, let pi be the following nonnegative integer. Let Ui be the inverse image of U in A^. 
Let Pi = Ciiei — 1) in Case (I) (resp. pi = ef in Case (II)) with > 0 the integer defined with respect 
to the blowing up pxi : A^+i —)• Xi at Xi. Here 


e* 


5'w^Di,,(/) - if x^ is of type (I), 

SwDi,i{f) + SwD 2 ,i{f) - Sw^^-if^xi)U) if Xi is of type (H) , 
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where Di i (resp. Di i, D 2 i) is the irreducible divisors of containing Xi. The invariant is defined 

by ’ 

s 

rx = 

i^O 

In Case (I), we choose ^2 such that (^ 1 ,^ 2 ) is the maximal ideal of Ox,x- We fix t 2 once and for all if x is 
of type (I). 


3. Definitions of pg{f), r'^, good representatives, clean models 

Let the notations be as in the introduction. We recall the definitions of pg{f) and pg{f) following [J]. 
Let / be an element of Ox,x[{tit 2 )~^], then there exist integers k,ao,bo,ai,bi,... ,ak,bk such that 
oq < ai < • • • < Ofc, 60 < 61 < • • • < and 


( 1 ) 


f&h 


— ao.bo^X 

^2 G'x 


+ 


(1^ 


+ • • • + 




X 

X,x’ 


We define pg{f) and pg{f) by 


( 2 ) 


Pgif) = iiao,bo),{ai,bi),--- ,{ak,bk)) e (Z2)®'=+i, 


(3) pg{f) = {(oo, bo), (oi, 61), • • ■ , (ofc, bk)} C Z^. 

We recall the definition of a good representative of x following [4] . We say / is a good representative of 
X if 


(4) 


w(/) CpZ^ C {{0,0)},pg{f) n (Z >0 X Z<o) ^ 0. 


We define inductively the set ess(^) of essential vertices of A = ((ao, bo), (ai, bi), ■ ■ ■ ,{ak,bk)). We 
put io = 0. We define ii by induction on I as follows. 


(5) 


H+i := max{j | - = mm -}}. 


1 <j'<k a-j! — a 


H 


We define s so that is = k. We define ess(A) by ess(A) = big), ), • • • , iai^,bi^)). 


Definition 1. In Case (I), we say {X, U, x) is clean at x G D itpg{f ) = {{ao, bo)) or ((ao, bo), (ai, 5o + l)) 
for some good representative /. In Case (II), we say {X, U, x) is clean at a; G I? if pg{f) = {{ao, bo)) for 
some good representative /. 


We will define r( (t = 1 or t = 2 according as x is of type (I) or type (II)) by 

rt((a'i,A)o<i<k) ■■ = M + r2{{aj,bj - aj)jeJ' ) + r{{{aj - 6', 6')jg j/), 

r't{{ao,bo)) ■■ = 0 , 


where 


J'a ■= {j I b'j - a' < max {6' - a'}}, 

J “1“ X 2 K> 

J'b ■= {j I a'j - b'j > max {a'i - &'}}. 

Recall that p = e{e — I) in Case (I) (resp. p = in Case (II)) with e := max{n + afe, 0} +max{—m, 0} — 
max{{n -m + ai - bi]o<i<k, 0} > 0. Note that e ■.= au - mino<i<fc{ai - bi] if pg{f) C (Z<o x Z>o) 7 ^ 0. 
We also use the notation r(,((a', &')o<i<fc) instead of r(((a', 6 ')o<i<fe). 

Definition 2. We define r(, by r(, = r[{pg{f)), where / is a good representative of x- Note that r(, is 
well defined because r{{pg{f)) does not depend on the choice of a good representative (cf. [4]). 
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4. A SIMPLE FORMULA FOR 

In this section, we give a simple formula to compute (see Definition [5]) . 
Lemma 1. r(, depends only on the essential vertices of pg{f). 


Proof. Let pg{f) = ((ag, bg), (oi, 6i), • • • , (ofc, bk))- By the definition of r(., we see 


( 6 ) rUiai,bi)g<i<k) = g + - bj, bj)jeJ'J) + r'^{faj,bj - aj)j^j>^)) 

It suffices to show the right hand side depends only on essential vertex of pg{f). We claim that /r depends 
only on ess{pg{f)). In fact mino<i<fc{ai - bi] = mino<t<s{ai 4 - bi^}. Indeed if mino<i<fc{ai - < 

mino<t<s{ait — bi^}, there exist u and ti such that Ou — is minimal (i.e. Ou — b^ = mino<i<fc{ai — bi}) 
and iti < u < iti+i- By the minimality of Ou — bu, 


(7) 


Therefore 

( 8 ) 


bu bi^_^ < 1 < 


bu - 


bitj^+i bi^_^ ^ bu 


(we use the inequality a/b > {a + c)/{b + d) > c/d for a/b > c/d > 0, a,b,c,d > 0). This contradicts 
the definition of essential vertices. Therefore mino<i<fe{ai — bi} = mino<t<s{aij — bi^}. It is easy to see 
that there exist si, S 2 such that (a^^ - bi^,bi^)g<t<si = ess{{aj - bj,bj)j^j>J and {oi^^b^ - ai/)s 2 <t<s = 
ess{{aj — bj,bj)j^ji). Therefore, we prove the lemma by induction on k and the depth (recall that the 
depth is defined hy Ok — ag + bk — bg). □ 


Definition 3. For A = ((ag,bg ),..., (ok, bk)), we define the area of A by 


(9) 


k-i 

Area(A) := ^ (ati+i - a* J • (bt^+i + bt^ - 2bg). 

ti—0 


Theorem 4.1. We have the equality = Area{ess{pg{f))) + (t — 2){ak — ag) for a good representative 
f, where t = 1 or t = 2 according as x is of type (I) or of type (II). 

Proof. By the above Lemma[ll we may assume pg{f) = ess(pg{f)) = (a^, &i)o<t<fc. Let u be an 
integer such that a„ — bu is minimal (i.e. Ou — bu = mino<i<fc{ai — bi}). We treat the Case (II). The 
proof for the case (I) is similar and omit this. There exist integers si and S 2 such that 

(19) ess}}ai bi,bi)i^j^) — (u^ ^d^i)o<i<si7 


(If) ^^^{{ai,bi ai)i^j'^ {ai,bi ai)s2<i<k, 

-4reaess((ai,bOo<i<fc) = 2 x -S'((ao, bg) -(a„, 6„) - (a^, &o)) 

T 2 X S{/au, bu) * * * (afc, bk) (ufc? ^o)) 

= (flfe — + bu)^+ 

2 X S}}ag, bg) • * • {ciu, bu) (au bu, bg)) 

+ 2 X S((au, bu) - (ak,bk) - (ak,bg + Ofc - a„ + 6„)) 

(ak au ~l~ bu) T ^ 

Here we denote the area of the n-gon with vertices vi, - ■ ■ ,u„ by S(vi — V 2 — ■■■ — Vn). The equality 
r(, = Area{ess{pg{f))) holds for k = 0. We prove r(, = Area{ess{pg{f))) by induction on k and the 
depth (recall that the depth is defined hy ak — ag + bk — bg). In fact 

bfig-CiKk) — h' ~h bi, ^l)o<I<u) ~h bi ai)u<i<.k) 

— }ak au “t“ bu) )) “f ^'^^a£ss((ai,bi—ai)^^jf) 

= Areaf.ss((ai,bi)o<i<k)- 

We use the induction assumption to show the second equality. □ 
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5. A PROOF OF Kato’s conjecture for the upper bound of r^. 

We prove the Kato’s conjecture (cf. [2]). 

Theorem 5.1. Let f be a good representative of x- Let pg{f) = ((n, to), (n + oi, to + &i), • • • , (n + 
ttfe, TO + fofe)). The following inequality holds. 

rx < in + ak) ■ {m + bk - 1) x is of type (I), 

Tx < {n + ak) ■ bk + (-to) ■ Ofc x is of type (II). 

Proof. We define A to be {n + ak){m + bk — T) in Case (I) (to be (n + os,) •&*, + {—m)-ak in Case (II)). 

We prove the inequality of this theorem by induction on A. It is easy to see that the inequality of this 
theorem holds for A = 0. There exist s and it (0 < t < s) such that ess{pg{f)) = (« + Otj, to + 

where we put ag = bg = 0. We only treat the Case (II). The proof for the case (I) is similar and omit 

this. 

s-l 

rx < Ass(pg(f)) X S'((0,0) - (n + , m + bij - (n + m + 

t=o 

= 2 X S'((0,0) - (n, to) - (n + Ofe, to) - (n + Ofe,TO + bk)) 

< (n + Ok) ■ bk + (-to) • Ok- 

We use the induction assumption to prove the first inequality (see Section 6 in i). □ 

6. An application 

Let be the etale sheaf on U corresponding to x- We denote to be A^n3s:(logWe define 
Sw{x) by 

(12) Sw{x) = Y.^^D'if)-D\ 

D' 

where D' runs through all irreducible components of D. From Kato’s theory in [5], we have 
Xc{U, dx) - Xc{U, Qi) = (Sw(x), Sw(x) + K|^®) - ^ rx. 

x&X 

Here, Xc implies the compact support etale cohomological Euler-Poincare characteristic, and (,) implies 
the intersection pairing. 

From this formula and Theorem 14.11 we can calculate the Euler-Poincare characteristic of when 
rx = r(. Remark that rx = r(, for good Artin-Schreier extension (see Theorem 4.2 in [4]). 
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